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Abstract 

We study limits of four-dimensional type II Calabi-Yau compactifications with 
vanishing four-cycle singularities, which are dual to compactifications of the 
six-dimensional non-critical string with Eg symmetry. We define proper sub- 
sectors of the full string theory, which can be consistently decoupled. In this 
way we obtain rigid effective theories that have an intrinsically stringy BPS 
spectrum. Geometrically the moduli spaces correspond to special geometry 
of certain non-compact Calabi-Yau spaces of an intriguing form. An equiva- 
lent description can be given in terms of Seiberg-Witten curves, given by the 
elliptic simple singularities together with a peculiar choice of meromorphic dif- 
ferentials. We speculate that the moduli spaces describe non-perturbative non- 
critical string theories. 
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1. Introduction 



The relation between singularities in supersymmetric string compactifications on 
Calabi-Yau manifolds and field theories has added much to the understanding of non- 
perturbative string theory in the last two years. Starting from the interpretation of three- 
fold singularities in terms of known field theories, the direction has veered around in the 
meantime to the discussion of novel types of theories to interpret various types of geometri- 
cal singularities. Indeed one may expect to find in this way a whole zoo of supersymmetric 
effective theories, and there is no reason why such theories should always be interpretable 
in terms of conventional field theories. 

In particular, new theories have been discovered that involve non-critical strings in 
various dimensions [ll|,p|p|,^,^|6|,[7|,^|9|, p!0| , pT| . These theories are still difficult to access di- 



rectly and it is easier to study them after further compactification. For example, new 
interacting fixed points of five-dimensional gauge theories [12] have been related ||T3|JT^] to 



compactifications of the non-critical string with global Es symmetry in six dimensions. 
It is interesting to further compactify this theory on another circle, and to investigate the 
properties of the resulting d = 4 N = 2 supersymmetric theory. 

In this note we consider certain limits of four-dimensional Calabi-Yau compactifica- 
tions of type II strings, which are dual to compactifications of the six-dimensional non- 
critical Eg string on T^. Aspects of the resulting four-dimensional theory have been 
discussed previously in Q, and more recently, while we were completing this paper, in 
||T5[] . However, we will study different aspects of this theory, and, in particular, our focus 
will be on a quite different, more stringy type of moduli space. More specifically, we will 
obtain some new insights in this moduli space by making use of the special geometry of 
certain Calabi-Yau manifolds. 

Recall that the non-critical string with global Eg, symmetry arises in six dimensional 
Calabi-Yau compactifications of F-theory, when a del Pezzo 4-cycle0 shrinks to zero 
size |T^,||. At present, no simple representation of this six-dimensional theory in its own 



is known, and its existence is based on a collection of evidence rather than on a firm proof. 
If the six-dimensional string theory really exists, its effective theory should show up as a 
"closed subsector" of the full type II compactification. Specifically, one should be able to 
separate off a sub-sector of the BPS states of the full type II theory, which corresponds to 



^ B„ denotes the del Pezzo surface obtained from blowing up P'^ at < n < 9 points. For 



more details we refer to |14]. 
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the embedded six-dimensional theory. This sub-sector should be universal and should not 
depend on the details of the chosen embedding three-fold. 

We indeed find such a sub-theory, which we associate to a certain non-compact Calabi- 
Yau manifold as the underlying geometrical object. This structure might hint at a more 
fundamental formulation of the theory. A peculiar feature of this sub-theory is that it 
involves the large complex structure limit of the three-fold and thus is inherently stringy. 

In section 2 we define consistent sub-moduli spaces of the special geometry describing 
the effective type II theory, in terms of monodromy and intersection properties. In section 
3 we investigate two different sub-moduli spaces related to the tension of the compactificd 
non-critical string, for a specific embedding three-fold, and discuss their physical properties. 

In the rest of the paper, wc then concentrate only on one of these theories, namely 
on the one whose moduli space intersects the large complex structure limit. This moduli 
space corresponds, essentially, to the non-critical string tension. In section 4, we identify 
the underlying universal geometry in terms of certain Landau- Ginzburg potentials, which 
involve a coupling of a x~'^ potential to the local geometry of del Pezzo singularities. 
The geometrical periods on the associated non-compact Calabi-Yau space turn out to be 
closely related to those of certain elliptic curves. Specifically, we show in section 5 that 
the local three-fold geometry can be captured by Seiberg-Witten curves with a particular 
choice of meromorphic differentials. We then explicitly evaluate in section 6 the periods 
near the singular points in the moduli space. We verify that the theory is conformal at 
the origin of the moduli space, and reproduce from the SW formulation of the theory its 
unusual stringy behaviour near infinity. Finally, in section 7 we conclude with some more 
speculative remarks. 

2. Definition of the moduli space 

We want to extract the physics of the compactified six- dimensional non-critical Eg 
string (henceforth referred to as "NCS") from the type II moduli space. For this, it will 
be important to have a clear distinction between the degrees of freedom that are part of 
the NCS theory, and those that are "superfiuous" states of the type II theory. The states 
of the NCS will have a universal description that is independent of the particular Calabi- 
Yau manifold X, whereas the superfluous states will depend upon non-universal, global 
properties of X. 

Near a singular locus in the Calabi-Yau moduli space A1(X), the theory is dominated 
by a subset H of the BPS states of the full theory, with a typical mass scale A much 
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smaller than that of the rest of the theory. An important characteristic of the subset Ti is 
the behaviour of the theory away from the singularity. There are, roughly speaking, two 
possibilities: either the subset of states Ti does not extend to a globally well-defined theory 
away from the particular scaling limit, so that it has to be coupled to (a larger subset of) 
the rest of the theory; this is, for example, what happens with asymptotically non-free field 
theories. Or, more interestingly, the subset Ti itself provides a globally well-defined theory 
also away from the singularity, as in SYM theories with asymptotically free spectrum |jT^ . 

The effective abelian N = 2 gauge theory in four dimensions is described by the 
holomorphic prepotential JF of special geometry, which itself is determined by the period 
integrals of X. The question of whether the truncated theory obtained in some scaling 
limit is consistent and has a global extension, translates to the question whether we can 
find a proper sub- moduli space of the full moduli space A^(X). This suggests a gen- 
eral definition of "consistent sub-theories" embedded in string theory, in terms of closed 
sub-monodromy problems. That is, the full compactified string theory is governed by a 
monodromy group G, and we look for a subgroup H G G that acts reducibly on the full 
set of BPS states and closes on the subset Ti of states that are relevant near the given sin- 
gularity. If such a subgroup exists, we can consistently throw away the remaining sectors 
of the theory and define a new theory on the moduli space Ain C A^(X). One expects 
that these monodromy data can be associated to a geometrical object, like the Riemann 
surface in SYM theories. 

In fact, since it is known that the generic monodromy group of a Calabi-Yau com- 
pactification is generated by the monodromy on a generic hyperplane in the (properly 
resolved) moduli space, we could start a systematic search for such theories by classifying 
the (intersections of) non-generic hyperplanes in Ai(X.). Instead we will restrict ourselves 
to sub- problems which involve a large complex structure point. In this case, it is simple 
to find a necessary condition for the existence of a subgroup of the monodromy group. 
At a large complex structure point with maximal unipotent monodromy, the Calabi-Yau 
periods, when written in special coordinates ti, have the asymptotic form: 

n~(l, tfc, + -^CjktHH'' + . . .) , (2.1) 

where the Cijk are the triple intersections on X and the ellipses denote subleading terms in 
the limit ti ^ oo (which behave in a similar way). It follows that a necessary condition for 
the existence of a subset S{H) of periods closed under the monodromy at infinity is that 
their intersection form with the rest of the periods vanishes. Geometrically this means that 
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we can find a basi^ of divisors in -ff4(X, Z), such that the subset S{H) does not intersect 
with divisors that are not in S (H) . 

The above imphes a rather interesting property of this kind of sub-monodromy prob- 
lems: in contrast to the embeddings of SYM theories considered previously these 
theories inherit the instanton expansion - that is, the Gromov-Witten invariants - from 
the Calabi-Yau manifold. In the special sub-monodromy problem that we will consider 
below, this is related to the fact that the underlying geometry is that of a non-compact 
Calabi-Yau space of a very special form. This suggests an alternative interpretation of 
the splitting condition on the intersection form, namely in terms of the existence of a 
well-defined, possibly non-compact Calabi-Yau space that captures the relevant part of 
the geometry. 

There is also the possibility of treating some of the Calabi-Yau moduli as background 
fields rather than as dynamical quantities. In this case the restriction on the intersections 
has to be imposed only on the periods treated as moduli. An obvious example are mass 
parameters in an effective field theory, which originate as gauge masses in the full string 
theory. 

The NCS as a sub-monodromy problem 

We now apply the above considerations to the elliptically fibered three-fold Xf^ with base 
Fi, which provides the simplest embedding for the kind of theory we want to study. Note, 
however, that the subsector corresponding to the NCS depends only on the local geometry, 
and that the results we will obtain turn out to be independent of the three-fold that we 
choose as an embedding. 

F-theory on Xp^ is dual to the heterotic string on K3 with instanton embedding 
(ni=ll, ^2=13) in the two Eg factors, respectively. The vanishing 4-cycle singularity of 
the Calabi-Yau compact ificat ion maps to the strong coupling singularity of the heterotic 
dual. At this singularity, a non-critical string becomes tensionless. It is the same string 
P,|T6| as the one stretched between the fivebrane and the ninebrane 0] in M-theory on 
S^/Z2 X K3, for a reason explained in 0. 

The four-dimensional N = 2 supersymmetric theory, obtained by compactification on 
a further T^, is dual to the type IIA string on Xp^. There are two Calabi-Yau phases, 
which are related by a fiop; we denote them by Phase / and and Phase //, respectively. 

^ In some cases it may be useful to relax the condition that the basis is integral, in particular 
if the non-integrality is related to elements not in S{H). 
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The h ' = 3 vector multiplet fields Ie, tp and parametrize in Phase / the volume of a 
curve in the fiber and the two classes of Fi, respectively. The base of Fi, with volume ts, 
is also the base of a K3 fibration and is therefore related to the heterotic dilaton. Figure 
1 shows a real slice iU e H through AI(Xfi), and displays the singularities associated to 
the flop and the vanishing 4-cycle, respectively. 

The leading pieces of the prepotentials Ti, J^u, which in particular summarize the 
intersection properties of divisors in Xp^ , are given in Appendix A. A characteristic split of 
the intersection form, indicating a possible closed sub-monodromy problem which intersects 
the large complex structure point, can be observed in Phase //. More precisely, in a basis, 
where the scalar fields in the vector multiplets are given hy ts = tp + ts, t'p = tp + ts, 
and tp, there are three periods which depend classically only on one of the three fields. 



Fig.l; Real slice through the Kahler moduli space ofK-p^. The planes V2 ^ and 
V4 — > denote the faces of the Kahler cone where a 2-cycle (flop) and a 4-cycle (del 
Pezzo) shrink, respectively. We refer to the phases with ts > (is < 0) as Phase I 
(II). We have also sketched the moduli spaces of the effective theories Bg, B'g of the 
NCS that we will consider below. Far out at infinity in Phase I is the region of the 
perturbative heterotic string. On the other hand, Phase II is not a K3 fibration and 
thus not related to the perturbative heterotic string. 

Continuation beyond the flop reveals that this splitting property is no longer present 
in Phase I. For a globally consistent definition of this system beyond the flop, we have to 
include one further period as a background parameter, namely the volume of the elliptic 
fiber tp- So depending on whether we include tp, or not, we have two subsets of periods 
that define appropriate sub-monodromy problems: 



In the following we will mainly focus on the three periods Hi, which correspond to 0,2,4 
cycles in the three-fold, respectively; the 4-cycle is the del Pezzo Bg in question. It is 




Perturbative 
^Heterotic String 



Ui = (1, ts, dtsJ") 



n^ = (i, ts, dtsJ',tE) . 



(2.2) 
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gratifying to observe that the single Kahler coordinate that is treated as a modulus in 11^, 
namely tg, is precisely the one which parametrizes the volume of the 4-cycle.i 

For a complete definition of the theory we have still to choose values for the other 
moduli, at which we vary ts- In fact, different choices will lead to rather different physics. 
In particular, the BPS spectrum at the singularities of the moduli space A4s will depend 
which set of the Calabi-Yau singularities is hit by this moduli space. 



3. Effective theories of the NCS 

To relate the physics of the embedded theory, defined by the periods ( p.2|) , to the NCS, 
we have to find the relation between the Calabi-Yau moduli and the fields of the effective 
theory of the NCS. This can be done by extending the five-dimensional analysis of 1^,0. 
In the five-dimensional compactification, the radius Rq of is inversely proportional to 
the size of the elliptic fiber, t^. Moreover, the tension of the magnetically charged string is 
proportional to the volume V4 of the 4-cycle B„. This volume can be parametrized by the 
Kahler coordinate ts, which measures the volume of 2-cycles within B^. More precisely 
one has: V4 ~ t|. 

For a further compactification of the five-dimensional theory to four dimensions, 
the relation between the coordinates is then given by ^ = iR^tf^ ll]. This leads to the 
approximate identifications: 

ts =: ^ = i(j)R6R5, tE=:U = &, t'p=:r = i(t)FR&R^ + 0{Rl) , (3.1) 

where (/> ((^f) is the tension of the non-critical (fundamental) stringS. 

The precise identifications, which take a non-diagonal metric of the torus and the 
S-field into account, can be inferred from the map to the moduli of the heterotic dual in 
the weakly coupled regime. These moduli are the dilaton S, and the Kahler and complex 
structure of the torus, i.e. T = B + iR^R^, U = c^'^R^/Rq. Comparing the prepotential 
jFj (A.l) of the K3 fibered Phase / with that of the heterotic string, where Thet = STU + 



More generally, one could consider higher dimensional moduli spaces by including additional 
homology classes of the del Fezzo surface, corresponding to non-zero Wilson lines of the heterotic 
theory. 

^ We set (f>F = 1 ii not denoted otherwise. 
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0{e'^'^'^^), one obtains! tp = T — U, tB = S + aT + bU, tp = U (here we have assumed 
that Im{T) > Im{U)). 

As mentioned before, the effective N = 2 U{1) theory is determined after fixing the 
values of U and T. The theory obtained in this way can be suitably characterized by the 
surviving BPS spectrum. For this, let us first reconsider the five-dimensional theory, which 
contains the relevant features of the four-dimensional case. 



Point-like BPS states in five dimensions have masses determined by the central charge 
Z = y2 ^^^^'^ = ^il-<PR6+p-^+m- {(PRe + , (3.2) 

~^ V5 -"-6 -n-e ^ ^ 

where the t\^^ are subject to the constraint V5{t\^^) = 1, with V5(f) = CijkViVjVk and Cijk 
the intersection numbers ||2C1|| . 



Phase I (II) corresponds to the region (pR^ > {(pRe < -^). As shown in Fig. 1, far 
out in the Kahler cone of Phase I is the regime of the perturbative heterotic theory, and 
the light states are the fundamental string windings and momenta with quantum numbers 
q = [l^p^rn) = {l,p^ —I). As one increases the tension (p, one hits the boundary between 
phases / and //. Associated to the vanishing 2-cycle is a massless hypermultiplet with 
winding/momentum q = {l,p,m) = (1,-1,0) 0. In fact, in this limit there is also a 
net number of 480 fundamental string momentum modes that are equally relevant. They 
correspond to rational curves in the fiber and their number has a simple interpretation: 
T-duality in the fiber transforms them to 0-branes, whose moduli space is the Calabi-Yau 

itself - with Euler number x = —480. 

Geometrically, the 4-cycle which is shrunk at the singularity (p = is still of type 
Bg in Phase / and becomes type Bg in Phase //. It is thus clear that there will be 
two different classes of effective theories, whose moduli spaces intersect at the singularity 
(p = 0: for any finite value of U, increasing the string tension (p will finally let us hit the 
wall (pR^ = where an additional hypermultiplet becomes massless and changes the 
asymptotic behaviour of the theory. In fact, the same will happen when starting from 
the B^ type of singularity, where one hits successively the walls corresponding to massless 
hypermultiplets, as is clear from the alternative description in terms of D4-branes [|13[ . 



In physical terms one ends up with a matter content Nf = 8 of an SU{2) gauge theory, 
whose Coulomb branch is parametrized by (p. This theory has a trivial dependence on the 



The constants a and b remain undetermined in perturbation theory. 
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Coulomb modulus, that is, a constant effective coupling [12]. We will refer to this kind of 



theory, which starts from the singularity and ends up in the Bg phase, as B'^ i. 

On the other hand, if one wants to keep the theory in the phase with a 4-cycle of type 
Bg, one has to send U to infinity first, such that the wall of the flop is shifted away by an 
infinite distance. We will refer to this type of sub-theory as Bn- It is this kind of theories 
that we will mainly focus on in this paper. 

The situation is similar after further compactification to four dimensions: for any 
finite value of the modulus U, the four-dimensional theory reaches phase / for large values 
of the string tension, and transmutes to the Bg type of theory. We will denote the resulting 
theories by Bn and B'^ as well. The locations of the moduli spaces of the theories Bs and 
i3g in A1(X) are indicated in Fig. 1. 

The effective theory Bg 

This is the theory with a trivial asymptotic behaviour. The periods dual to (p, obtained 
from (A.l), are: 

Phase / : = + ^U-]-U-]- + d-.TT'' , 

(3.3) 

Phase // : = 1<^2 _ 1 ^ _ _| ^ Q_,^^nst 



Restricting to the quadratic terms in (3.3) one recovers the five-dimensional expressions 



T^,14|. The four-dimensional BPS mass formula reads in special coordinates |22 



Z = 6-^/^(1 ■ -V ti ■ Hi - Tq ■ niQ - Ti ■ rrii) , (3.4) 

where K is the Kahler potential, jFj = ^t^J-^ and J-'q = IT — tiTi. Moreover, ua and niA-, 
A = ... 3, are integer charges. Restricting to the periods of the second sub-problem in 
( pr2|) , = (1, ^5, dtgT , tE) = (1, (I)dM)^ is justified if all other periods are much larger. 
To achieve this, we have still to decouple part of the type IIA string states. The only 
modulus that involves explicitly the fundamental string tension is T: 

Im{T) = ^i^si^e sina — 2i?5/i?6 sina -|- (^Fi?5i?6 sina . 

Thus, in order to decouple the fundamental string states, we send — oo and obtain: 

Z = R5e^/^{^+n2(pR6 + ^-m24>D) . (3.5) 

il5 Kq 



These theories have been considered in |15]. 
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Prom ( |3.5| ) and ~ (pR^ + 0{(f)'^) we see that the states with masses m = \Z\ can be 
interpreted as the winding and momentum states of the NCS on the torus. Furthermore, 
as can be seen from the monodromy at infinity (f> (p + 1 acts on the periods as 

It acts trivially on the U{1) gauge coupling, r(^) = d^cpo, as has been observed also in 

El- 



The effective theory Bg 

The behaviour of the Bs theory turns out to be rather different. As mentioned before, if 
we send U ^ oo first, we stay always in Phase //. There is no need to include the period 
W, because the charged states associated to it have become infinitely massive. 

The gauge coupling behaves like t(^) ~ (f), as is familiar from the large complex 
structure limit; it is typical for a decompactification limit. From ( p?3|) and ( p.4|) one finds 
that for large (j), the BPS spectrum contains states with masses 

m ~ , 1 , i (3.6) 

up to multiplication with a common mass scale. In particular, since (f) = h^iR^R^cf), these 
masses depend only on the h field and the tension times a volume factor, which in turn 
can be reabsorbed in the tension. This is very much like in a "pure" uncompactified string 
theory, where there are no relevant geometrical parameters to be varied. 

From the type IIA perspective the above states correspond to 4, 2 and brane states, 
the latter ones being the relevant states for large uncharged under the U{1) gauge 
symmetry. The states whose mass depends inversely proportional to the volume can be 
interpreted as Kaluza-Klein modes. The states with masses ~ ~ 1 (up to a prefactor 
(f) are the ones which become massless at ^ = (despite quantum corrections). There is 
one further massless state for a value 1/2 of the h field, namely a 0-4 brane bound state, 
which leads to a conifold singularity, as we will see later on. 



Gauge couplings in five and four dimensions 

A crucial difference between the five-dimensional and four-dimensional fixed point theories 
is the value of the U(l) gauge coupling, r = d^cpo (cf., ( p.3|) ) at the critical point ^ ~ e ^ 0: 
it is infinity in five [0, but should be at a fixed point of the modular group in four 
dimensions . 
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Geometrically, infinite coupling in five dimensions is the statement that if the 2-cycle 
volume goes to zero as V2 = ^ ~ e, the 4-cycle volume vanishes as cfP' ~ e^. This follows 
from the quadratic terms in (|3.3|) : 



\ ~ di(j)D ~ e . (3.7) 



% 

In four dimensions, quantum corrections do not lead to a finite volume for neither the 
4-cycle nor the 2-cycle [0, so that cannot be the explanation for the finite value of the 



coupling constant. However, from ( |3.7|) it is clear that it is enough that the instanton 
corrections change the scaling from V4 ~ V2 to V4 ~ V2. We will see below in section 6 
that this is precisely what happens, that is, V4 ~ r V2 with tq the gauge coupling at the 
fixed point. 

This has an interesting consequence which could have been anticipated on physical 
grounds. As explained in , there are states in the four-dimensional type IIA theory with 
masses ~ V2, ~ V4, ~ that arise from wrapping the D2, D4 and 5 brane, respectively. 
Would we still have V4 ~ V2 as in five dimensions, the most relevant states would be 
the wrapped D4 branes and this would lead to a theory with mutually local "magnetic" 
charges. This would be in contradiction with the experience that conformal fixed points 
always involve states with mutually non-local charges ||2^. However, if V4 ~ V2, the D2 
brane state is as relevant as the one from the D4 brane, implying the presence of mutually 
non-local massless BPS states. 



4. Intrinsic geometrical formulation of the theories 

We will now consider in some more detail the four-dimensional theories Bn [n = 
6, 7, 8) as closed sub-theories by themselves. In particular, we will formulate these theories 
independently of an embedding in a "larger" Calabi-Yau manifold. 

Let us first ask about the geometrical object behind the sub-monodromy problem 
defined and described above. It is a remarkable fact that we can associate Gromov-Witten 
invariants with a sub-monodromy problem that depends only on a single modulus ts 
(associated to the volume of 2-cycles in the del Pezzo surface B^). One may wonder about 
why this separation of the del Pezzo surface from the whole Calabi-Yau three-fold works, 
since the del Pezzo has a non-vanishing first Chern class, ci 7^ 0; one thus expects a non- 
trivial coupling to two-dimensional gravity. Recall therefore the description of the conifold 
singularity in ref. [^. Although the conifold geometry is locally not Ricci flat, it can be 
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described by a Landau- Ginzburg model which combines the description of the c = 1 string 



in terms of the WZW theory SU{2) at level k = —3 with an ALE space with Ai 
singularity: 

WcF = ^ + yl + yl + yl + yl . (4.1) 

This Landau- Ginzburg potential is related to a hypersurface p~2,i,i,i,i|^2] and satisfies the 
Calabi-Yau condition with c = 3. ADE type of generalizations of this Landau- Ginzburg 
potential, which involve the coupling of potentials to ALE spaces, have been consid- 
ered in . 

In the present case, the local geometry of the singularity is described by the vanishing 
del Pezzo 4-cycle instead of an ALE singularity. We are thus led to consider the 
following Landau-Ginzburg potentials: 



p3,2,l,l,-l[g] . 


Wes 
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+ y' 


+ + zf 


+ — 'i/' xyziZ2W 


p2,l,l,l,-l[4] . 
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+ y' 


+ w^ + zt 


+ Z2 — 1p XyZiZ2W 


pi,i,i,i,-i[3] ; 
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1 
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+ + zf 


+ Z2 — 1p XyZiZ2W 


1,1,1,1 -i[2^ 2] : 


wk 


1 


+ 4 


+ 4 + 4 


-i)XZ^ZiZ5 , 






= 4 




-1pZiZ2 , 





(4.2) 



which describe non-compact Calabi-Yau spaces. The power £ of a; is determined by the 
Calabi-Yau condition, c = 3. We have also indicated the weights of the non-compact 
Calabi-Yau spaces, as well as the canonical hyperplane perturbation which deforms 
away from the Landau-Ginzburg point. Specifically, V = oo corresponds to the large 
complex structure limit, while the symmetric point '0 = gives the zero size limit of the 
del Pezzo 4-cycle. A natural coordinate on the moduli space ^A{Bn) is given by c = V'"^? 
where c = (e^'^**^-|-instanton corrections) and £ = 6, 4, 3, 4 for the three cases, respectively. 

The point is that the period integrals over the corresponding holomorphic 3-forms 

~ [ f X dw dy dzidz2 , . 

n, c = / n = i; 4.3 



indeed reproduce the periods in ( |2.2| ) that govern our sub-monodromy problem. Here, F^, 
i = 1, . . . ,3 denotes a basis of 3-cycles on the surface We„ = 0. These 3-cycles are related 
via mirror symmetry to 0, 2, 4-cycles, where the 4-cycle is the del Pezzo surface itself. More 
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concretely, the periods 11^ are solutions of the following third-order Picard-Fuchs operators 
associated with the three- folds (14.21) : 



^(n) 



^2 ■ 



9 = c 



d_ 
dc 



(4.4) 



These form certain degenerate systems of generalized hypergeometric type 3-F2, and are 
known to govern the relevant periods of the del Pezzo surfaces. Above, the operators 
C^JI^i , defined by 



(8) 
ell 

(7) 
II 

(6) 
II 

(5) 
ill 



6"^ - 12c (6^ + 5)(6^ + 1) 
^2 - 4c (4^ + 3) (4^ + 1) 

- 3c {3e + 2){3e + i) 

e^- 4c (2^ + l)(2^-M) 



(i ^ 1) 

l6' 6' ^ 
(- ^ 1) 

(i ^ 1) 

V 3 ' 3 ' ^ 

(i i 1) 

V 2 ' 2 ' 



(4.5) 



are the Picard-Fuchs operators pBI of the following elliptic curves: 
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= y' 
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i/jywz , 
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= y' 
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i/jywz , 
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■i/jywz , 


pi,i,i,i[2^2] : 


Pk 


= y' 


+ w"^ 


— i/jvz 


, fig = v"^ + z"^ -ip yw 



(4.6) 



They define ordinary hypergeometric systems 2F1 of the types {a,(3,j) indicated on the 
r.h.s. of eq. ([4.5| ). Therefore, the del Pezzo periods are related to the usual periods 
(ro(c), wd{c)) = i/jJ dw/y of the tori (|4.6|) by 



9-11^ = 9-{l, 4>{c), 4>d{c)) = {0,w{c),wd{c)) 



(4.7) 



Interestingly one can treat the conifold singularity (|4.1|) in a similar way, by adding 
the hyperplane perturbation: Wcf = ^ + yf + y2 + yi + yl ~ "0 a^yi2/22/3l/4- This leads 
to a hypergeometric system of type (|, |, 1), similar as for E^, up to a subtle minus sign 
c — > — c related to a half-integer shift of the B-field. 
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Topological properties, singularities and Gromov-Witten invariants 

The Calabi-Yau spaces (^3) turn out to have quite interesting properties, suggesting a 
canonical structure also for the cases Bn, n < 5. 

The topological properties can be summarized in terms of the triple self-intersections, 
the Euler number and an integral over the second Chern class, C2: 

/ JAJAJ=n-9, 

/ J AC2 = -12 + 2 (n-9) , (4.8) 
Jx 

y C3 - X = -2 , 

In particular, the Euler number is precisely twice the dual Coxeter number h{En) of 
En\ This agrees nicely with the physical expectation about the moduli space of the six- 
dimensional NCS, which involves the U{1) gauge field and the hypermultiplets of the 
instanton moduli space (there is in addition one universal hypermultiplet which decouples 
together with gravity). Although we have derived these formulas from ( [4 .21) only for the 
values n = 8, 7, 6, 5, it is clearly suggestive that they should apply also for the other values 
of n. In fact, the triple intersections agree with the self-intersections of ci G if2(B„,Z) 
in (and with the self-intersections of the elliptic curves (|4.6| ) [ p9| as well). These facts 
further suggest that we really capture with the three-folds ( [1.2|) the intrinsic information 
of the NCS associated with the del Pezzo surfaces. 

There are three singular points with non-trivial monodromies in the moduli spaces 
M.{Bn), namely i) the large complex structure point c = 0, ii) the point c = 00, 
where the 4-cycle volume vanishes and iii) a conifold point at 1 -|- dnC = 0, where 
dn = 432, 64, 27, 16, -16 for n = 8, 7, 6, 5, CF, respectively. 

Let us comment on the nature of this conifold point. Firstly, it does not correspond 
to the conifold point that occurs in B'^ at the flops, e.g. = for ^Bg. As indicated in 
Fig.l, the latter conifold point is not hit by the moduli space ^A{B8)■ Secondly, for the Bn 
theories, 1 + dnC = requires negative values of c and speciflcally a half-integer value of the 
b field. Therefore this singularity is absent in the Lorentz invariant five and six dimensional 
theories. On the other hand, c is positive at the conifold point of the "conifold" theory 
(^T|), as it should be for consistency. 
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At c = —d^ ^ there is a simple pole in the Yukawa coupling 

which, similar as in the compact case, obeys a linear differential equation, 

{3 + 4 dn c) w{c) + c {1 + dn c) w'{c) = . 



The Gromov-Witten invariants can be obtained from transforming (^]^) to special co- 
ordinates centered at the large complex structure point c = 0. One finds the following 
instanton expansions for the Yukawa couplings Ciii = dj-(j)D- 



Eg: -1 + 252^^4 - 9252^ + 848628^ - 114265008^^ + . . . , 
Ej:-2 + 56^^ - 272 2V + 3240^ - 58432 + 1303840^ + . . . , 

^6 : -3 + 27^4 - 5444 + 24344 - 172844 + 1525544 + ■ ■ ■ , (4-10) 
: -4 + 16i^ - 20^ + 48^ - 192i^ + 960^ + . . . , 

1 — q-"- 1 — q^ 1 — q-^ 1 — q^ 1 — q^ ' 

CF ■ 4 + 16^ + 16^ + 48^ + 192i^ + 960^ + . . . , 

where q = e^'^'^^ . The instanton numbers agree with those calculated in a embedding 
Calabi-Yau for n = 8, 7, 6, 5 0. 

Interestingly, the expansion for the conifold theory (f4.1J ) is related to that of by 
a simple change of sign of q in the Yukawa coupling, which corresponds to a half-integer 
shift of the h field, as mentioned before. In particular, the non-compact Calabi-Yau space 
associated to and the conifold share the functional dependence of the periods on the 
modulus. The only difference is in the relative shift of the integral symplectic bases. 



Index of the singularities and elliptic curves 

As explained in ||3^, an important quantity characterizing the massless spectrum at the 
singularities is the singular behaviour of the topological amplitude defined in |l3l[] . 

In the present case, the ansatz for F\°^ is particularly simple: 

,(ic 



Fl"^ = log 



c"(l-frf„ c) 



dt 



(4.11) 



where a, h are constants. These can be determined by comparison with the expression for 
FI°^ in terms of world-sheet instantons of genus zero and oneB: 



p^top 



2m 



12 



t / C2 A J - ^ 



2nl\og{r]{q'')) + \nl log(l - g'^) 

D 



-f const. 



(4.12) 



^ For the numbers n^. of elliptic curves, see the Appendix. 
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The massless spectrum at a singularity c = cq is then given by the coefficient /3 of the 
logarithm, F^"^ ~ — /3/6 log(c — cq), which counts the net number of massless vector 
hypermultiplets minus hypermultiplets, (3 = Uh — ny- 

At the conifold singularity, the above calculation yields /3 = 1, as expected on general 
grounds. This singularity is therefore indeed due to one additional massless hypermultiplet. 

More interesting is the behaviour at the point c = oo, where the 4-cycle vanishes. 
Taking carefully into account the contributions from the three factors in ( |4.11| ), namely 
a universal contribution b = from the conifold discriminant, a factor (I? f 5 f ) from 
the determinant and a = ( — |, — ^, -^f ), one finds 

/3 = (30, 18, 12, 8) = 

for Bji, n = 8, 7, 6, 5, respectively, where h{En) is the dual Coxeter number of the global 
symmetry group E^. The net massless spectrum at the vanishing 4-cycle singularity is 
therefore that of h{En) extra massless hypermultiplets. This is in agreement with the 
change of hodge numbers proposed in |T^] in the context of Calabi-Yau transitions. 



In view of the bad convergence of the instanton expansion (|4.10| ) at the conformal 
point c = 00, this is quite remarkable. In particular, the number of massless BPS states 
arising from wrappings of vanishing 2-cycles is unbounded, indicating a breakdown of the 
description of the theory in terms of these degrees of freedom. The index /J sums up the 
contribution of the infinite number of terms to a finite result, indicating that the individual 
terms still make sense when appropriately regularized. 



Comparison with SYM theories with matter 



Note that the relations (|4.7| ) are very reminiscent of Seiberg-Witten theory with extra 
matter [0: derivatives of (/> ~ a,(/)D ~ give torus periods. Moreover, the constant 
period, whose effects refiect Kaluza-Klein excitations in the present context (cf. ( |3.6D ), 
corresponds to a bare mass. Indeed, the -E'6,7,8 theories can formally be associated to the 
SU{2) theories with Nf = 1, 2, 3, respectively. That is, when tuning the mass parameters 
appropriately, one can check that the corresponding SW curves become equivalent (up to 
isogeny) to the -E'6,7,8 tori ( |4.6D ; this is related to observations made in This implies 
that the effective U{1) gauge couplings 
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are, when viewed as functions of c, the same as the field theory couphngs (e.g.., for smaU 
c, r ~ log(c)). 

However, the main difference from this viewpoint between the Yang-Mills theories 
and the Bn models is that the "6'-operators" , which map (t>,(f>D to the torus periods, are 
different. That is, 6 = is a logarithmic derivative and not an ordinary derivative. 
As a consequence, the couplings r((/)) (and thus the prepotentials J^{(f>)) as functions of (f) 
are different as compared to ordinary field theories, and this implies that the theories Bn 
describe completely different physics. 

Nevertheless the formal similarity suggests that the relevant geometry of the del Pezzo 
4-cycle, and its moduli space A4{Bn), can be captured by SW curves given by the tori ( [4.6|) . 
For this to work, however, suitable meromorphic differentials A should exist on these curves 
that give rise to the periods 11^. We will verify in the next section that such meromorphic 
forms can indeed be obtained directly from the 3- forms, O. 



5. Geometric reduction to elliptic curves 

We first consider the surface Wes = in weighted for the Es Landau- Ginzburg 
potential ([4.2| ). After re-defining x and y by some trivial phases, this surface can be 
written: 

y'^ — + zf + Z2 — — — ipwxyziZ2 ■ (5-1) 

Passing to the patch x = 1, and integrating ( ^73|) with respect to y around a contour about 
the surface Wes = yields: 

Jn = J ^ , (5.2) 

where 

dy 

We now wish to integrate Q over some very particular 3-cycles in the surface (|5.1j ) . To 
exhibit these cycles we follow a simple variation of the approach of []T9| , |33| , p3| . First we slice 
the surface by the simple quadrics, w = azf, and use a and zi as new independent variables. 
Indeed we will consider a as parametrizing a base, over which 2-folds parametrized by 
zi and Z2 are fibered. We then identify 2-cycles in this 2-fold. 



2 Jw^ + zf + zl - 1 + \{ijwziZ2f . (5.3) 
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Making the change of variables in O, one obtains: 



O = / ^ "'^"^ , (5.4) 



2^(l + a3 + i(^^2)V) + 
where 

p6 = 4 - 1 . (5.5) 

Considered as a function of ^i, O has six square root branch points. Integrate O along 
any contour, 71, that has zi large enough so as to encircle all these branch points. This 
contour can then be deformed out to infinity so as to give 

^ I dz,n= , ^ . (5.6) 

2^(l + a3+ i(^^2)V) 

There are two natural integrals over Z2 , and these correspond to integrals over two different 
types of 2-cycle: 

(i) Integrate z^ between any two zeroes of ( |5.5|) . This means that the zi-contour then 
sweeps out a homology 2-sphere. 

(ii) Integrate Z2 along any contour, 72, around the branch points of (|5.6| ), and thus the z\ 
and Z2 integration sweep out a 2-torus. 

We consider the second possibility first: The integral over zi is elementary and yields 

— ^ (f dz2 (f dziVi = I — . (5.7) 
(27rz)^ J^^ J^^ 2 a 

Note that the factors of have cancelled. The last integral is then taken about a = and 
gives 

which reproduces the constant period in (p.2|). 



To perform the second integral one can perform the integration directly, but it is first 
instructive to note that 

_^ t ^ A ^ (5 9) 

- /(l + a^ + l(^Z2fa') ^/(i + «3 + i(V.Z2)V^ ' 
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Hence if one differentiates the integral of interest with respect to tj), then the 2;2-iiitegration 
becomes trivial: and the result is the difference, — Xj, where 



Xfc = , , (5.10) 

^(l + a3+ i(^^,)V) 

and Ck = e^*'^/^. The remaining integration over ct is a standard elliptic integral of the 
holomorphic differential, da/ 13, over the torus 

= a3 ^ i(^a)'«' + 1 , (5.11) 



which is equivalent to P^g = in (|4.6|) . 

There are two choices for this integral, the a-cycle or the 6-cycle. To reconstruct the 
original integral of O over the corresponding 3-cycle, all we have to do is integrate these 
period integrals with respect to the modulus, tj). In performing this integral with respect 
to '0, the constant of integration is determined by the fact that for '0^0, the integrand 
of the 2;2-integral, ip (1 + a"^ + \ {ipC,k)'^ a^)~^^'^ , vanishes linearly in while the range of 
the Z2-integration remains fixed (and finite). Hence these integrals vanish linearly in tj) as 
i/j — s> 0. (The first integral ( |5.8| ) does not vanish in this limit since the range of integration 
grows linearly with -0.) Thus we see that the integral of O described in (i) reduces to 



evaluating the periods of a Seiberg-Witten differential associated with the torus (|5.11 



The forgoing procedure is, of course, equivalent to integrating (|5.6| ) with respect to Z2 
between limits that are distinct values of C,k- Doing this explicitly, one reduces the period 
integrals of Q. to differences of integrals of: 



Afc = ^ log 



^ , (5.12) 

a 



around the cycles of the corresponding tori (|5.11|) . One can check that indeed 6* ■ Afc ~ ^ 



up to exact pieces, which proves ( [1.7|) . Note also that Xk vanishes for '0 = 0, which will 
prove important later. 

We now briefiy turn to the remaining cases. The computation for the surface We.^ = 0, 
or equivalent ly 

y'^ = w'^ + zf + Z2 — —7 — 'i(jwxyziZ2 , (5.13) 
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proceeds in an almost identical manner, except that slices the surface by hyperplanes, 
w = azi, instead of quadrics. The integral over the 2-torus as in (ii) above gives the result 
I). Integrating over 2-spheres as in (i) above, leaves the differential: 



log 



da 
a 



(5.14) 



where Ck = e^*'^/^. This is to be integrated over the a-cycles and 6-cycles of the associated 
torus 

(3' = a"" + liijCk)' + 1, (5.15) 

which is the same as Pe^ = in (|4.6|) . Finally note that the the analysis for the surface 
= 0, or equivalently, 

1 



y"^ + w'^ + Zi + Z2 — — — ipwxyziZ2 







(5.16) 



is a little more complicated. One first makes a shift w — > w — y, followed by a shift 
y y + ^w. The surface then becomes: 



{3w + 1pXZiZ2) y"^ + \w'^ -\- z\ — ^1pXW^ZiZ2 + Z2 — 

In the patch x = 1, the 3- form, O, takes the form (p.2|), with 







2J-{3w + ijZiZ2) {^w^ + zf - lijw'^ziZ2 + z^ - 1) . 



(5.17) 



(5.18) 



The computation now follows the usual pattern. Setting w = azi, and changing variables 
from w to a, one can then integrate zi around a contour, 71, around both cuts in the 
y-plane. This leaves an integral of 



ifj da dz2 



a/ (3a + i(jZ2) {i^Z2a'^ 



a-- 



4) 



(5.19) 



The denominator of the integrand is once again the square root of a quadratic in Z2- The 
Seiberg-Witten differential is: 



'jjCka^ + {a^-2) + a ^{3a + ^Cfc) (^CfcQ' - - 4) 
_tPCka^ + {a^-2) - a v/(3a + ^Cfc) (ipCka^ - a^ - 4) 

on the Riemann surface 



- log 

2 ^ 



^ (5.20) 

a 



(3a + i;Ck) {tpCka" - a^ - A) 



(5.21) 
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Upon simply substituting (3 = 2{3{w + y) + iJZi(k){y — 'w)/zf and a = {w + y)/zi, this 
curve is easily seen to be equivalent to the torus Peq = in (f4.6|). 



We did not try to perform an analogous computation for the potential in ( [4 .21 ), 
but have no doubt that it would work out in a similar way. 

One should note that there are some fundamental differences between the foregoing 
calculations and the usual calculation of Seiberg and Witten. Apart from the vanishing 
of (|5.12| ) at -!/; = 0, which is a regular point of the moduli space, it should be noted 
that the differential ( ^.121) is not single valued. Logarithms certainly arise in some of the 
standard forms of A, but usually these logarithms can be removed by suitable integrations 
by parts. Put another way, the branches of the logarithm play no role because the shift of 
2ni associated with crossing the cuts merely adds the (cohomologically trivial) derivative 
of a meromorphic function to A. In the foregoing, this ambiguity in the logarithm adds 
multiples of 27ri{da/a) to Afc, and this has residues at a = 0, oo. 

This result is somewhat new from the one-dimensional perspective of the Seiberg- 
Witten differential, but it is easily understood form the perspective of the 3-fold. There is 
an obvious ambiguity in the integrations of type (i) between the zeroes of ( ^.5|) : the path 
can wind around the set of all branch points of the integrand of (|5.6| ), exactly as in (ii). 
This adds constant (27ri times an integer) shifts to the periods of Ajt, i.e. to both (p and 

4>D- 

However, from the one-dimensional perspective, while there is only one torus, there 
are infinitely many Seiberg- Witten differentials, A(j^), which differ only by multiples of 
da/a so that A(j^) has residue 27rm at a = 0. If one now tries to use the Seiberg- Witten 
differential as a metric, as in then one must take infinitely many copies, indexed by 
n, of the basic torus, with a metric obtained from A(^) on the n^^ copy. This foliation of 
the basic torus is sewn together at the logarithmic branch cuts of X(n)- For the differential 
( P.12|) , these cuts are located at a = e^'^'/^. BPS geodesies can thus find their way between 



sheets by cycling around these branch points, and thus the counting of BPS states [|T9[ will 
be very different as compared to ordinary N = 2 Yang-Mills theories. 
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6. Periods, prepotentials and monodromies from the Eg torus 



In order to obtain explicit expressions for the geometric del Pezzo periods, Hi, we can 
now simply make use of the hypergeometric systems (|4.5D related to the SW tori (|4.6D . The 
correct integral symplectic linear combinations of the solutions can be simply determined 
by matching the asymptotic expansions with the period integrals over the differentials A 
of the previous section. 

To be specific, we will consider here only the model Bg; the other theories can be 
treated in an analogous way. For A is as in ( |5.12| ), we find, in terms of the inverse vari- 
able u = — l/(432c) and a standard homology basis 7^,6 on the Eg torus, the following 
expressions for the periods: 



4>iu) = = (/^(.)^)-f5 



(6.1) 



Here, 6,60 are integration constants, and 

3I/4 



(6.2) 



with i = -^,^|i^^(l/3)^ p = e2-/3 and 

Foiu) = «V6^Fi(l,l,l;«) , F^iu) = u'/SF^{^,^,^;u) . (6.3) 

The hypergeometric system is known to have singularities at w = 0, 1, 00. With the help of 
well-known formulas for the analytic continuation of 2F1, we can easily find expansions of 
cj){u),(f)D{u) in local patches near these singularities. However, when comparing different 
patches, we must be careful with the integration constants 5,5d in ( |6.1|) . For expansions 
around w = these constants must be zero, since we know from the vanishing of A ( |5.12| ) for 
w = that both periods cj) and vanish there. From this, or from the explicit expression 
for A, we can match the integration constants in other patches. 

Explicitly, we find the following local expansions near the singularities: 



1) Near w = 0, which is the point of intersection with the theory discussed in |8,15 



(27rz) Mu) = -^^.^/^ (1 + + Oiu")) -f ^u'/^^ + + Oiu")) ] (6.4) 
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and (p{u) = (/}Diu)\^^p^. The vanishing of both cj) and as weU as the absence of a 
logarithm, reflects conformal invariance of the theory at m = 0. This is similar to the SU{2) 

6 + 0(^10) 



theories with 



/ 



1,2,3 il,|3|]. The prepotential J^o{(f)) = \tfp^'^ 



is thus polynomial in (f), and for the U{1) coupling constant ( |4.13| ) at the origin we have: 
tfp = ■ This is, as expected, a fixed point of the modular group (this value is consistent 
with u{t) = -^giJij) + J{t){J{t) — 1728)), from which we find for the other fixed point 
of the modular group: u{t = i) =2). 

2) Near u = 1: 



(27rz) 



const. 



1 

2^ 



{{u -l){l + \og[432]) + 0{{u- If )}- 



{i -i(j)D{u)) log[w - 1] 



(6.5) 



[2Tvi) (pniu) = 2Txi + i{u 



u 31 

1 liu 

' 72 ^ 



lf + 0{{u-l) 



This means that at w = 1 there is a conifold singularity that is analogous to the SW 
monopole singularity. It corresponds to a massless BPS state with quantum numbers 
(no, n2, m2) = (-1, 0, 1). 

3) Near u = oo: 

For these expansions we go back to the original variable, c = — l/(432u). From the 
analytic continuation we have the following integration constants: 

1 



= 24 + 87r2 



log[432]^ 



and thus: 



{2m) (/)(c) 
(27rz)^D(c) 



log[c] - 60c + 6930c2 + 0(c^ 



-m - ((30 + 126-)c + 0{c^)) + 

6 TT 



(6.6) 



(l_30lc + O(c2))log[c]--l.log[c]2 



The SW period (Pd{c) indeed reproduces the three-fold period — Ila, given in ( p73|) and 
(A. 2) below, when expressed in terms of ts = 4>{u). Consequently, up to a constant, the 
prepotential near m = oo is: 



oo 



k=l 



2'Kik < 



(6.7) 



where the instanton coefficients = {252, —9252, ..} are as in (|4.10| ), and Li^ is the 
trilogarithm p3]. This rigid prepotential is obviously quite different from the usual SW 
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theory prepotentials, J-'ooi^) ~ loga^+C(l/a) for large a, and also from that of a higher- 
dimensional field theory including the effects of Kaluza-Klein excitations. We stress again 
that (|6.7| ) reflects the behaviour of the rigid sub-moduli problem at the large complex 
structure point of the threefold. This is different than in usual field theory embeddings in 
string theory, where the "point at infinity" of the field theory does not coincide with the 
"point at infinity" of the string theory. 

From the above local expansions we find the following monodromy matrices: 

/l \ / 1 0\ / 1 0\ 

Mo = -1 , Ml = -1 1 1 , Moo = -1 1 , (6.8) 
\0 11/ \001/ \011/ 

which act on 11 = {l,(p,(pD) and which represent the quantum symmetries of the theory. 
They obey Mi ■ Mq = Moo, Mq^ = 1, and we can easily identify the modular group 
SL{2, Z) in the lower right block, i.e.., Mq ~ T'^S, Mi ~ TS'^T and M^o ~ T. From 
these generators we can build pure shifts: (p (p ± 1 or (po (pD ^ ^- These can 
be subtracted from the above generators, and thus the full duality group is given by a 
semi-direct product of SL{2, Z) with Z x Z. 

7. Discussion 

In this paper we have investigated del Pezzo singularities of Calabi-Yau three-folds 
in = 2 super symmetric type II A string compactifications. We have isolated a one- 
dimensional moduli space, Ai{Bn), which intersects the large complex structure point of 
the three-folds. This moduli space corresponds to a closed sub-monodromy problem, and 
should therefore be associated with a consistent sub-theory of the full string compactifica- 
tion. 

The question arises as to what the structure of this consistent sub-theory is, and 
what precise physical meaning the moduli space has. This is like asking what the physical 
meaning of the moduli space of a Seiberg-Witten curve is, without a priori knowing the 
underlying Yang-Mills theory. In other words, we need to ask what the physical system is 
whose moduli space is the moduli space of a del Pezzo surface. 

Clearly, although the theory has six non-compact dimensions (since we used a non- 
compact threefold to model it), it does not describe a six- dimensional Lorentz invariant 
theory. Moreover the effective description in terms of special geometry is an essentially four 
dimensional concept. However, the situation should be compared to the effective theory 
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obtained in the limit of a large base in a K3 fibered Calabi-Yau manifold: although the 
global geometry does not allow to recover precisely the six-dimensional space-time theory 
of the pure K3 compactification, one does recover the precise moduli space of the K3 
compactification, that is, the singularities, monodromies and gauge coupling dependence. 
This is because the becomes locally flat and the local properties of the theory become 
indistinguishable from that of the truly six-dimensional theory. 

From the discussion in sections 2 and 3 we know that the coordinate c of the moduli 
space describes essentially the string tension of the six-dimensional non-critical string. 
In particular there are no relevant geometrical parameters to vary. It is therefore suggestive 
to interpret this moduli space primarily as the moduli space of the six- dimensional string 
theory itself, and not of a particular compactification. Specifically, its singularities should 
be related to the properties of the string theory itself, and not just to an interplay with 
the geometry of the compactification. The behaviour at c = oo, where the string tension 
vanishes, is clearly consistent with this picture. The large complex structure point, c = 0, 
is stringy either: the behaviour of the theory at this point is characterized in terms of the 
type II A string world-sheet instantons expansion. These instantons are supported by the 
same rational curves which give also rise to the BPS states of the NCS relevant at the 
c = oo singularity. On the other hand, the third singular point, the conifold singularity, is 
slightly different in that it needs a non-vanishing value of the b field in the directions in 
which Lorentz invariance is broken, and would therefore be absent in a Lorentz invariant 
theory. 

In order to gain a better understanding of the structure of the theory, it would be 
interesting to repeat the conformal field theory analysis of in the present context. It 
would also be important to understand the precise counting of the BPS states, as well as 
their underlying algebraic structure. For the counting, the SW formulation involving the 
peculiar differentials A might be very useful. As for the algebraic structure, recall that the 
homology of the del Pezzo surfaces is dimii/'4<(B„, 2) = {bo = l,b2 = n + 1, 64 = 1), which 
leads to a Lorentzian period lattice of type Tn+2,2- H2 forms a sub-lattice of type F^+i^i, 
which is related to the period lattice of the relevant simple elliptic singularity in ( [4.6| ) 
(note that we considered in this paper only a one-dimensional sub-lattice of H2)- We 



expect the BPS states to form a generalized Kac-Moody algebra associated with the 
period lattice, and the prepotential JF and the topological free energy jFi to be associated 
with the corresponding automorphic forms. 

Finally, it would also be instructive to investigate the precise relationship of the N = 2 
super symmetric theories discussed in this paper with the superconformal fixed points of 
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p^ . These are based on the simple singularities of type E^, while the theories discussed in 
the present paper are related to the elliptic singularities of type En- It is well-known from 
the adjacency diagrams of singularity theory that the En singularities can be obtained 
by deformations of the E^ singularities. Both types of theories have superconformal points 
in their moduli spaces, and we suspect these to belong to different universality classes. Very 
crudely speaking, the En superconformal fixed point might be a stringy, "affine" version 
of the En superconformal fixed point. 

We believe it would be important to shed more light on these issues, and intend to 
report on them in the future. As a remark, note also in this context that we can treat the 
conifold singularity (|4.1|) in a very similar way as we did for the del Pezzo singularities. 
Since this singularity is much more generic than the del Pezzo singularities, we might gain 
considerable understanding of non-perturbative string theory by studying this theory in 
more detail. 
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Appendix A. Prepotential and periods of the three-fold Xf^ 



The elUptically fibered three-fold Xf^ with base Fi has hedge numbers h^'^ = 
3, /i^'^ = 243. Its description in terms of toric geometry and its phases has been dis- 
cussed in much detail in []T6| , |36| . [37| ,[7| . 



The four-dimensional N = 2 vector moduli space is described by the holomorphic 
prepotential of special geometry J-'{ti). For Xf^ it takes the following asymptotic form in 
the two phases, Phase / and Phase //: 



"^2 ^2 



1 3 23 

+ -^tptE + -^tp + tB + -^rtp ~ Co , 

2 Z D 



if' 2 ' _ 1 , 2 , 



E 



P^B 



I ,1 - 

pl^E 



-t 



I 3 

B 



9 . 2. 9 . . 2 4.3, 1 , , 1 , . , 1 , 2 



-tn t 



B ^E 



-tut 



B^E 



~^E o^F^B ~tptE ^~ ~t 



3 , 17 , 23 , 



'^B^E 



B 



'^E 



Co 



P^E 



^B 



(A.l) 



where cq = -iC{3)/2{2nfx- 

The primed coordinates in Phase // are related to those in 
Phase I hj t'^ = — ts, t'p = tp + ts^t'E = = tp + ^b- The volume of the 4-cycle is tg, 
while the volume of the 2-cycle shrinking at the flop is t^. 

The period vector 11 has entries (JFq, Ti, 1, t^) in a basis with canonical symplectic 
metric. Applying an integral symplectic transformation puts it into the following form: 



/ w 

I 2''P 



n 



II 



tp ~l~ 2 ^ P^ P 



-l_ 3^3 



\ 



■6 2 ! ^ 
2^P + 2^E + 2 
lj-2 If 5 
2'^S ^.^S 



2co\ 



2^P 



— 3t'ptE 



12 



9j.2 
2''F 



t'p 

ts 

tp 



+ \t'p -\- \tE + 



17 

4 



(A.2) 



The periods (1, tg, Ha) depend then (classically) only on the Kahler coordinate ts and 
define our sub-monodromy problem. Moreover, t^; is the additional period treated as a 
background field in the B'^ theory. 
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Elliptic curves 



n 


















8 


-2 


762 


-246788 


76413073 


-23436186174 


7209650619780 


-2232321201926990 


696061505044554010 


7 





3 


-224 


12042 


-574896 


26127574 


-1163157616 


51336812456 


6 








-4 


135 


-3132 


62976 


-1187892 


21731112 


5 











5 


-96 


1280 


-14816 


160784 











-10 


231 


-4452 


80958 


-1438086 


25301064 



Table 1: Number of genus one curves of degree d for Bn, n = 8, 7, 6, 5, 0. 

For comparison we have also given the number of genus one curves for Bq in table 1, which 
have been determined in . 
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